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We present a new method of spin-motion coupling for trapped ions using microwaves and a
magnetic field gradient oscillating close to the ions’ motional frequency. We demonstrate and char-
acterize this coupling experimentally using a single ion in a surface-electrode trap that incorporates
current-carrying electrodes to generate the microwave field and the oscillating magnetic field gra-
dient. Using this method, we perform resolved-sideband cooling of a single motional mode to its
ground state.
Coupling the internal spin states of trapped ions to
their motion is essential for applications in quantum in-
formation processing, quantum simulation, and metrol-
ogy [1–3], such as quantum logic gates [4, 5], simulations
of many-body spin systems [6–8], and quantum logic
spectroscopy for optical clocks [9] and molecules [10].
This coupling requires a field gradient across the ions’
wave function, and is usually accomplished using laser-
induced interactions. However, photon scattering errors
are a fundamental limit for laser-based spin-motion cou-
pling [11], and are the leading error in the highest-fidelity
quantum logic gates [12, 13]. Laser-induced coupling is
also sensitive to fluctuations in the optical phase and
intensity at the ion, which can be experimentally de-
manding to mitigate. Alternative laser-free methods,
which are not limited by photon scattering and offer im-
proved phase and amplitude stability, use microwave ra-
diation and magnetic field gradients to perform the spin-
motion coupling. These fields and gradients can be gener-
ated using current-carrying wires integrated in a surface-
electrode trap [14], a promising platform for large scale
quantum computing or simulation with ions. The inte-
grated microwave circuitry can also be used to perform
high-fidelity single-qubit gates [15, 16] and individual ion
addressing [17, 18].
Laser-free spin-motion coupling has been proposed and
demonstrated using either a static magnetic field gradient
with separate microwave fields [19–21] or oscillating mag-
netic field gradients close to the qubit frequency [22, 23].
High-fidelity two-qubit gates have been performed with
these methods [24, 25]. However, the near-qubit oscil-
lating gradient method requires large currents near the
qubit frequency to generate a strong gradient, which can
be technically challenging for typical gigahertz-frequency
hyperfine qubits. Furthermore, most entangling gates re-
quire multiple such currents at different frequencies in
the same trap electrodes. In contrast, the static gra-
dient scheme enables multiple interactions to be gener-
ated using only a single strong gradient with multiple
weak microwave fields. However, the spin-motion cou-
pling strength for this scheme decreases rapidly with in-
creasing motional frequency for a given microwave cur-
rent. Higher motional frequencies are desirable to miti-
gate the effects of anomalous heating [26] and to reduce
the average phonon occupation of the motional modes
after Doppler cooling. This reduces the time for ground-
state cooling, a requirement for many quantum informa-
tion and simulation experiments.
In this work, we demonstrate a new technique for spin-
motion coupling in trapped ions using microwaves and a
near-field magnetic field gradient oscillating close to the
ions’ motional frequency. This method is a generalization
of the static-gradient scheme, and enables stronger spin-
motion coupling for a given motional frequency, gradient
strength, and microwave field amplitude. In particular,
strong spin-motion coupling with low microwave power
can be maintained even at high motional frequencies.
This near-motional gradient can be more efficiently gen-
erated than an equivalent gigahertz-frequency gradient,
and only one strong gradient is required to implement
multiple simultaneous spin-motion coupling interactions.
Here, we characterize the spin-motion coupling strength
by tuning the microwave and gradient parameters and
identify optimal working regimes. We cool an ion to its
motional ground state as a proof of principle.
The physics underlying this spin-motion coupling in-
volves a magnetic field gradient which causes a spin-
dependent spatial displacement of the ion. We consider
the case of a microwave-frequency hyperfine qubit, but in
general this would apply to any two-level system, as long
as the gradient displaces one of the qubit states relative
to the other. The basic physics has been observed previ-
ously using the intensity gradient from a running optical
lattice [27], but with the aforementioned limitations of
a laser-based approach. The harmonically confined ion
has internal “spin” states labeled |↓〉 and |↑〉, separated
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2in energy by ~ω0, as well as motional states |n〉 separated
by ~ωr. In the absence of any spin-dependent displace-
ment, a microwave field driving the |↓〉 ↔ |↑〉 transition
can only drive spin flips that leave the ion’s motional
state unchanged (∆n = 0). However, if a gradient dis-
places |↑〉 relative to |↓〉 (see Fig. 1(a)), the overlap be-
tween their corresponding motional state wave functions
is modified, enabling a microwave field with detuning
δ = ±ωr from the qubit frequency ω0 to drive motion-
changing sideband transitions (∆n = ±1); this can be
viewed as a change in the Franck-Condon factors [28, 29].
For small displacements, the sideband Rabi frequency
increases with the magnitude of the displacement ∆x,
and for a static gradient the explicit dependence of the
sideband Rabi frequency on the motional frequency is
Ωsb ∝ ω−3/2r . If the gradient is instead oscillating at a fre-
quency ωg, the spin-dependent displacement ∆xg can be
larger for a given gradient strength if the ion motion is be-
ing driven closer to resonance [30], as shown in Fig. 1(b).
Sideband transitions now occur at δ = ±(ωr−ωg), made
apparent by transforming into an interaction frame os-
cillating at ωg and making a rotating wave approxima-
tion. The gradient in this frame appears static, with a
modified “motional frequency” (ωr − ωg). The sideband
Rabi frequency scales as Ωsb ∝ [√ωr(ωr − ωg)]−1, which
grows larger as ωg → ωr, and reduces to the static gra-
dient case when ωg = 0. Thus the spin-motion coupling
strength can be larger than the static gradient case for
a given ωr, gradient strength, and microwave field am-
plitude. An additional, weaker set of sidebands (high-
lighted by transforming into an interaction frame oscil-
lating at −ωg instead) appears at δ = ±(ωr + ωg) with
Ωsb ∝ [√ωr(ωr + ωg)]−1.
The system Hamiltonian Hˆ(t) with fields oscillating at
ωg and ω0 + δ can be written in the interaction picture
with respect to Hˆ0 =
~ω0
2 σˆz + ~ωgaˆ
†aˆ as
HˆI(t) =~Ωgσˆz
[
(aˆ+ aˆ†) + (aˆe−2iωgt + aˆ†e2iωgt)
]
+ 2~Ωz cos(ωgt)σˆz + ~(ωr − ωg)aˆ†aˆ
+ ~Ωµ
(
σˆ+e
−iδt + σˆ−eiδt
)
,
(1)
where σˆz = |↑〉 〈↑| − |↓〉 〈↓|, σˆ+ = |↑〉 〈↓|, σˆ− = |↓〉 〈↑|,
and aˆ† and aˆ are creation and annihilation operators for
the ion motion. The coupling of the qubit states by the
microwave field is characterized by Ωµ [31]. The spin
and motion are coupled (with strength ∝ Ωg) by the
gradient of a magnetic field Bg along the quantization
axis oscillating at ωg. In this interaction frame, ignoring
faster terms at 2ωg, the gradient appears static with a
modified “motional frequency” ωr−ωg. In general, Bg is
nonzero at the ion position, giving an additional term in
the Hamiltonian proportional to Ωz. We define Ωg and
Ωz as
≈ ∆xg
∆x
⇒
¯ rhω h¯(ωr−ωg)
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FIG. 1. Schematic description of a qubit coupled to a har-
monic oscillator with a spin-dependent displacement from (a)
a static gradient or (b) an oscillating gradient. An additional
microwave field drives |↓〉 ↔ |↑〉 transitions. (a) For a static
gradient, detuning the microwave field by ±ωr drives side-
band transitions with ∆n = ±1. (b) An oscillating gradient
at ωg is formally equivalent to a static gradient in the inter-
action frame oscillating at ωg, ignoring fast-oscillating terms.
The sideband transitions now occur at detunings ±(ωr−ωg).
(c) Schematic of the surface electrode trap. The ion has three
motional modes, ~a along the trap axis and ~r1 and ~r2 perpen-
dicular to the trap axis. The dc and rf electrodes provide
trapping potentials, while oscillating currents in electrodes 1,
2, and 3 generate magnetic fields and magnetic field gradients
at the ion. A static magnetic field ~B0 parallel to the plane of
the trap defines the quantization axis zˆ.
Ωg ≡ r0(rˆ · ∇Bg)
4
dω0
dBz
∣∣∣
Bz=| ~B0|
Ωz ≡ Bg
4
dω0
dBz
∣∣∣
Bz=| ~B0|
.
(2)
The sensitivity of the qubit frequency ω0 to changes
in the magnetic field Bz along the quantization axis zˆ
(defined by a static magnetic field ~B0) is described by
dω0/dBz, and r0 =
√
~/2Mωr is the ground-state extent
of the ion wave function for the motional mode along the
rˆ direction for ion mass M . This gives an implicit ω
−1/2
r
dependence to Ωg.
By transforming Eq. (1) into the interaction picture
with respect to the terms in the first two lines [31],
different interactions are obtained for specific values of
δ. Sideband transitions occur at δ = ±(ωr − ωg) or
δ = ±(ωr + ωg). For the first case, the Hamiltonian
is given by
Hˆsb = ±~Ωsb(σˆ±aˆ† + σˆ∓aˆ), (3)
where the upper (lower) sign choice corresponds to the
3|↑〉
FIG. 2. Microwave spectroscopy in the presence of a magnetic field with a gradient oscillating at ωg/2pi = 5 MHz. Trap
radial frequencies are (ωr1 , ωr2)/2pi ≈ (6.2, 7.6) MHz. An additional microwave pulse with detuning δ from the qubit frequency
is applied for 500µs. The ion is initialized close to the Doppler temperature in the |↓〉 state and the population in the |↑〉 state
is measured at the end of the pulse. Spin-flip transitions with ∆n = 0 (green dotted lines) occur when δ = ±mωg, and blue
(red) motional sideband transitions with ∆n = 1(∆n = −1) [blue dashed (red dash-dotted) lines] occur when δ = +(ωri ± ωg)
[δ = −(ωri ± ωg)]. Weak sideband transitions at ±(ωr2 − 2ωg) correspond to higher-order interactions [31]. Population error
bars are omitted for clarity.
blue (red) sideband interaction. The sideband Rabi fre-
quency is Ωsb ≡ 2ΩgΩµωr−ωg J0( 4Ωzωg ), where J0 is the zeroth-
order Bessel function of the first kind. For the case
δ = ωr + ωg, the denominator ωr − ωg in Ωsb is replaced
by ωr + ωg. The Rabi frequency Ωsb is maximized when
the argument of J0(
4Ωz
ωg
) is zero, which corresponds to
Bg = 0 (importantly, this does not imply ∇Bg = 0).
When Bg is nonzero, the qubit frequency is modulated,
enabling spin-flip transitions that do not change the mo-
tional state of the ion. These transitions occur when
δ = mωg for integer m, and the resulting Hamiltonian is
Hˆm = ~Ωmσˆx, (4)
where Ωm ≡ ΩµJm( 4Ωzωg ) is the spin-flip Rabi frequency,
and Jm is the m
th-order Bessel function of the first kind.
A similar effect has been observed from residual magnetic
fields generated by the rf trapping potentials [32].
In our experiment, the gradient and microwave fields
are generated by currents driven through electroplated
gold electrodes of a cryogenic (18 K) linear surface-
electrode Paul trap, labeled as electrodes 1, 2, and 3 in
Fig. 1(c). A single 25Mg+ ion is trapped ≈ 30µm above
the surface with motional frequencies (ωa, ωr1 , ωr2)/2pi ≈
(3.2, 6.2, 7.6) MHz, where ~a is along the axis of the
trap, and ~r1, ~r2 lie in the radial plane. We use
the |F = 3,mF = 3〉 ≡ |↓〉 and |F = 2,mF = 2〉 ≡ |↑〉
states within the 32S1/2 hyperfine manifold as our qubit,
which has a transition frequency of ω0/2pi = 1.326 GHz
in the externally applied magnetic field | ~B0| = 21.3 mT.
The magnetic field sensitivity of this transition is
(dω0/dBz)/2pi = −19.7 MHz/mT and the magnitude of
the static field gives ∼100 MHz of spectral separation
between adjacent Zeeman sublevels. We prepare |↓〉
by optical pumping on the 32S1/2 ↔ 32P3/2 transi-
tion at 280 nm with σ+ polarized light. The qubit is
read out by detecting fluorescence from the laser-driven
|↓〉 ↔ |32P3/2, F = 4,mF = 4〉 cycling transition. Be-
FIG. 3. Dependence of the spin-flip Rabi frequency Ωm on
Bg. Here, we apply a current of variable amplitude oscillating
at ωg to electrode 2 in addition to a microwave field with
detuning δ and Rabi frequency Ωµ/2pi = 375 kHz. Spin-flip
transitions occur when δ = mωg with Ωm = ΩµJm(
4Ωz
ωg
),
where Ωz ∝ Bg. We calibrate the horizontal axis scale by
fitting the data for δ = 0 to |J0( 4Ωzωg )|. The theory curves
(dashed) for m > 0 have no adjustable parameters. Error
bars are smaller than the data points.
fore detection, microwave pulses are used to shelve |↑〉
to the far-detuned |32S1/2, F = 2,mF = −1〉 state. To
realize spin-motion coupling, we apply simultaneous cur-
rents (which are ramped on and off over 10 µs) to the
trap electrodes at two frequencies, ωg and ω0 +δ. We ap-
ply up to 0.5(1) A rms per electrode at ωg/2pi = 5 MHz,
corresponding to 6(1) mW of dissipation in the trap; dis-
sipation from the drive at ω0 + δ is  1 mW [31].
With the oscillating gradient applied, we perform mi-
crowave spectroscopy by varying δ as shown in Fig. 2.
Spin-flip transitions occur at δ = mωg since Bg 6= 0 for
this experiment, and motional sideband transitions ap-
pear at δ = ±(ωri − ωg) and δ = ±(ωri + ωg), where
ωri is the frequency of the radial mode ~r1 or ~r2. Weak
higher-order sidebands are also visible [31]. We do not
see sideband transitions for the axial mode ~a as the gra-
4|↑〉
FIG. 4. Sideband characterization. (a) The normalized blue
sideband Rabi frequency Ωsb/Ωg (black squares, left axis)
and the normalized microwave detuning δ/(ωr1 − ωg) from
Eq. (5) (gray circles, right axis) are plotted as a function of
2Ωµ/(ωr1 −ωg). Error bars are smaller than the data points.
The red dashed line denotes the limit on Ωµ described in the
text. The black line is a linear fit to the data; the gray line
is a theoretical plot of Eq. (5). (b) Populations in |↑〉 after
blue (BSB, circles) and red (RSB, squares) sideband analysis
pulses on a ground-state-cooled ion in |↓〉 versus the detuning
of the microwaves from the r1 sideband transition. Both the
cooling and the analysis pulses are performed using the oscil-
lating gradient sidebands described in the text. Lines are fits
giving n¯ = 0.09(7).
dient along the trap axis is (by design) very small. Fol-
lowing Eq. (4), the spin-flip transitions are character-
ized by measuring the Rabi frequencies Ωm as a func-
tion of Bg. The values of Ωm versus Bg are shown for
m = {0, 1, 2, 3, 4, 5} in Fig. 3.
Setting Bg, and hence Ωz, to zero maximizes Ωsb for
the sideband transitions described in Eq. (3); at this
point, Ωsb is insensitive to variations in Bg to first or-
der. We set Bg = 0 by adjusting the relative phases and
amplitudes of currents oscillating at ωg in electrodes 1,
2, and 3 to minimize Ωm=1, which is proportional to Bg
as Bg → 0. The magnitude of Ωsb is insensitive to com-
ponents of the oscillating magnetic field perpendicular to
~B0, which produce an ac Zeeman shift on the qubit of
less than 100 kHz.
The sideband Rabi frequency also depends on the mi-
crowave Rabi frequency Ωµ with Ωsb ∝ 2Ωµ/(ωr − ωg).
Because of the ac Zeeman shift from the microwave [31],
the detunings required for the sidebands are shifted from
δ = ±(ωr − ωg) to
δ → ±
√
(ωr − ωg)2 − 4Ω2µ. (5)
Thus, as 2Ωµ approaches ωr − ωg, δ approaches zero,
causing the microwave field required for the sideband to
drive spin flips resonantly. This sets a limit for the max-
imum usable Ωµ for driving sidebands. Operating close
to this limit requires careful microwave pulse shaping to
minimize off-resonant qubit excitation. We experimen-
tally verify the relationship of both Ωsb and the ac Zee-
man shift to Ωµ as shown in Fig. 4(a). We determine Ωsb
by cooling the r1 mode to its ground state and driving
the blue sideband transition. We set (ωr1 − ωg)/2pi ≈ 1.2
MHz and vary 2Ωµ/2pi from 0 to 1.1 MHz. A linear fit
to the data yields Ωg/2pi =1.383(6) kHz, corresponding
to a magnetic field gradient of 49.4(2) T/m along ~r1, in
agreement with simulations [31].
We can use the resolved red sideband at
δ ≈ −(ωr1 − ωg) to cool the r1 mode, as shown in
Fig. 4(b). Starting from a Doppler-cooled mean phonon
occupation of n¯ ≈ 2, we use a sequence of twelve 150µs
pulses with interleaved optical repumping to reach
n¯ = 0.09(7). The total cooling duration is ≈ 2.5 ms,
more than an order of magnitude faster than previous
demonstrations of microwave cooling using the static
gradient scheme [33, 34]. This speed-up is in part from
using higher motional frequencies, which results in a
lower initial thermal occupation after Doppler cooling.
For these experiments, we used a Blackman enve-
lope [35] to adiabatically ramp the microwave pulse on
and off over 10µs. This pulse shaping allows us to op-
erate with 2Ωµ/(ωr − ωg) = 0.9, and Ωsb close to its
maximum value of Ωg. Compared to the static gradient
scheme, our scheme allows Ωsb = Ωg to be obtained for
2Ωµ = ωr − ωg instead of a larger 2Ωµ = ωr/2. Thus,
our scheme allows Ωsb to be maximized for lower mi-
crowave currents. Larger Ωg, and thus larger Ωsb, can
be achieved by increasing the current at ωg in the trap
electrodes. The maximum current will likely be limited
by Joule heating in the trap electrodes. This heating is
significantly lower for a current at megahertz frequencies
than at gigahertz frequencies due to the larger skin depth.
Furthermore, the magnitude of induced return currents
in neighboring electrodes [36] is reduced for lower fre-
quencies, yielding a larger gradient for a given applied
current.
By moving ωg closer to the motional frequency, we can
maintain a given Ωsb with lower microwave drive strength
Ωµ. This produces a smaller ac Zeeman shift, reducing
decoherence due to fluctuations in Ωµ. Reducing ωr−ωg
also increases the strength of higher-order sidebands that
are proportional to (
Ωg
ωr−ωg )
n [28]. However, the finite
impedance of the current-carrying electrodes gives rise
to an oscillating potential on these electrodes at ωg; the
resulting electric field drives the ion’s motion to an ampli-
tude ∝ (ω2r −ω2g)−1. Large-amplitude motion in surface-
electrode traps samples increasingly anharmonic regions
of the confining potential, and in extreme cases may cause
the ion to leave the trap, setting a practical lower limit on
the detuning of ωg from ωr. For the maximum measured
Ωg with Bg nulled at the ion, we measure the amplitude
of this electric field to be ≈ 10 V/m [31, 36]. The effects
of electric fields at ωg can be reduced for multiple ions
by choosing differential motional modes which are not ex-
cited by a uniform electric field. Alternatively, one could
directly compensate these oscillating electric fields us-
ing additional electrodes, or use trap designs which place
the current-carrying electrodes beneath a metal layer [37]
5which shields electric fields more strongly than magnetic
fields and their gradients.
In conclusion, we have demonstrated a new method for
spin-motion coupling in trapped ions using microwaves
and an oscillating magnetic field gradient with a fre-
quency near that of a motional mode. This and other
laser-free techniques for spin-motion coupling eliminate
the photon scattering errors inherent in laser-based
schemes. Moreover, our method addresses several techni-
cal limitations on the implementation of previous laser-
free schemes. We demonstrate this method in a surface-
electrode trap, where all control fields are generated us-
ing trap-integrated electrodes. Our scheme enables mul-
tiple sidebands to be produced using a single strong gra-
dient and one weak microwave field for each sideband.
The multiple sidebands required for Mølmer-Sørensen-
type two-qubit gates, robust polychromatic two-qubit
gates [38, 39], or mixed-species operations [40] can then
be implemented simply by adding relatively weak mi-
crowave fields. Recent theoretical investigations show
that our technique is well suited for new dynamical
decoupling schemes that reduce the complexity of mi-
crowave quantum logic gates in trapped ions, and that
high-fidelity two-qubit gates should be achievable with
realistic experimental parameters [41].
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7SUPPLEMENTAL MATERIAL
In this section, we present a derivation of the equations
presented in the main text. We also provide details of the
magnetic and electric field measurements.
Near-motional oscillating gradient
We first derive the sideband interaction for the case of
an oscillating gradient. For simplicity, we only include
a gradient term oscillating at ωg and assume oscillating
magnetic fields of frequency ωg at the position of the ion
are absent. The Hamiltonian is
Hˆ0(t) =
~ω0
2
σˆz + ~ωraˆ†aˆ
+ 2~Ωg cos(ωgt)σˆz(aˆ+ aˆ†)
+ 2~Ωµ cos
(
(ω0 + δ)t
)
σˆx.
(S1)
The first two terms correspond to the qubit and motional
mode respectively. The next term corresponds to the gra-
dient, which causes a spin-dependent displacement oscil-
lating at ωg. The last term is due to the coupling of the
qubit states by a microwave field detuned from the qubit
transition ω0 by δ. The spin-motion coupling strength
Ωg is defined in Eq. (2) of the main text and Ωµ is given
by
Ωµ =
Bx
2~
〈↓|µx |↑〉 , (S2)
where Bx is the component of the oscillating microwave
magnetic field perpendicular to the quantization axis and
µx is the component of the ion’s magnetic moment in the
same direction. In the interaction picture with respect to
Hˆ0 =
~ω0
2 σˆz+~ωgaˆ
†aˆ, i.e. the frame oscillating at ωg, and
dropping the fast-rotating microwave terms, we obtain
Hˆrot(t) =~Ωgσˆz
[
(aˆ+ aˆ†) + (aˆe−2iωgt + aˆ†e2iωgt)
]
+ ~(ωr − ωg)aˆ†aˆ
+ ~Ωµ
(
σˆ+e
−iδt + σˆ−eiδt
)
.
(S3)
Except for the terms oscillating at 2ωg, this interaction
is now mathematically of the same form as the case of
a static gradient with a modified “motional frequency”
ωr − ωg. Going into the interaction picture with respect
to the aˆ†aˆ term,
HˆI(t) =~Ωgσˆz
[
(aˆe−i(ωr−ωg)t + aˆ†ei(ωr−ωg)t)
+ (aˆe−i(ωr+ωg)t + aˆ†ei(ωr+ωg)t)
]
+ ~Ωµ
(
σˆ+e
−iδt + σˆ−eiδt
)
.
(S4)
In order to transform into the interaction picture with
respect to the gradient term, we use the first term of
the Magnus expansion to derive the propagator, as the
commutator of the Hamiltonian with itself at different
times is not zero. The second term in the expansion
is simply a global phase, and thus higher order terms
vanish as the commutator with this phase term is 0. The
propagator is
Uˆ†g (t) = exp
[ Ωg
ωr − ωg σˆz
(− aˆ(e−i(ωr−ωg)t − 1)
+ aˆ†(ei(ωr−ωg)t − 1))+
Ωg
ωr + ωg
σˆz
(− aˆ(e−i(ωr+ωg)t − 1)
+ aˆ†(ei(ωr+ωg)t − 1))].
(S5)
We use this propagator to derive the modified interac-
tion Hamiltonian,
Hˆ ′I(t) =Uˆ
†
g (t)~Ωµ(σˆ+e−iδt + σˆ−eiδt)Uˆg(t). (S6)
We use the Baker-Campbell-Hausdorff theorem, keep-
ing only the lowest order term and ignoring higher order
terms that scale as [Ωg/(ωr ± ωg)]k for k > 1. We thus
obtain Hˆ ′I(t):
Hˆ ′I(t) '~Ωµ(σˆ+e−iδt + σˆ−eiδt)
+ 2~ΩgΩµ(σˆ+e−iδt − σˆ−eiδt)
×
( 1
ωr − ωg
(
aˆ†(ei(ωr−ωg)t − 1)− aˆ(e−i(ωr−ωg)t − 1))
+
1
ωr + ωg
(
aˆ†(ei(ωr+ωg)t − 1)− aˆ(e−i(ωr+ωg)t − 1))).
(S7)
The blue (red) sidebands occur at δ = +(−)(ωr − ωg)
and δ = +(−)(ωr + ωg). The sideband interaction for
the former case after eliminating fast-rotating terms is
Hˆsb = ±2~ΩgΩµ
ωr − ωg (σˆ±aˆ
† + σˆ∓aˆ), (S8)
with a sideband Rabi frequency
Ωsb =
2ΩgΩµ
ωr − ωg . (S9)
The neglected fast-rotating terms correspond to a de-
tuned carrier field and the additional sideband at ωr+ωg,
which are detuned by δ and 2ωg, respectively. Errors
caused by these terms are coherent, and can be corrected,
for example by ramping the gradient and microwaves on
and off adiabatically.
8We can compare this Rabi frequency to the static gra-
dient scheme, which represents the limit ωg = 0. If we
set ωg = 0 in Eq. (S7), we find that the sideband Rabi
frequency for a static gradient is
Ωsb =
4ΩgΩµ
ωr
. (S10)
Thus relative to the static gradient scheme, a suitable
choice of ωg would produce a larger Ωsb for the same
Ωg,Ωµ, and ωr. The additional factor of 2 in the static
gradient Rabi frequency comes from the degeneracy of
ωr−ωg and ωr+ωg when ωg = 0. The reader is reminded
that Ωg has an implicit ω
−1/2
r dependence for both the
static and oscillating gradient cases, as defined in Eq. (2)
in the main text. In addition, tuning ωg close to ωr
such that ωr − ωg . Ωg gives rise to non-negligible higher
order sideband terms not shown in Eq. (S7).
Spin flip transitions
We now include the effect of an oscillating magnetic
field at ωg. We first consider only the qubit, the interac-
tion corresponding to this oscillating magnetic field, and
the microwave term in Hˆ0,
Hˆ0(t) =
~ω0
2
σˆz + 2~Ωz cos(ωgt)σˆz
+ 2~Ωµ cos
(
(ω0 + δ)t
)
σˆx.
(S11)
The oscillating magnetic field term is characterized by Ωz
as defined in Eq. (2). Transforming into the interaction
picture with respect to the first two terms, we derive the
propagator UˆI(t),
Uˆ†I (t) = exp
( i
~
∫ t
0
[~ω0
2
σˆz + 2~Ωz cos(ωgt′)σˆz
]
dt′
)
= exp
( iω0t
2
σˆz +
2iΩz
ωg
sin (ωgt)σˆz
)
.
(S12)
We use this propagator to obtain the interaction Hamil-
tonian
HˆI(t) =~Ωµ(e−iδtσˆ+
∞∑
m=−∞
Jm
(
4Ωz
ωg
)
eimωgt)
+ H.c,
(S13)
where we have used the Jacobi-Anger expansion,
eiz sin θ =
∞∑
m=−∞
Jm(z)e
imθ. (S14)
From this Hamiltonian we obtain spin flips when
δ = mωg, given by the Hamiltonian
Hˆm = ~ΩµJm
(
4Ωz
ωg
)
(σˆ+ + σˆ−), (S15)
after dropping fast-rotating terms. The Rabi frequency
Ωm of these transitions is
Ωm = ΩµJm
(
4Ωz
ωg
)
. (S16)
The oscillating magnetic field modifies the microwave
term from the previous section, resulting in the following
Hamiltonian for the motional sideband of the mth spin
flip sideband:
Hˆsb,m = ±2~ΩgΩµ
ωr − ωg Jm
(
4Ωz
ωg
)
(σˆ±aˆ† + σˆ∓aˆ). (S17)
It can be seen from this interaction that the highest
motional sideband Rabi frequency is achieved for the
m = 0 spin flip transition when Bg = 0.
ac Zeeman shift
The sideband transitions occur when the microwave
field is detuned from the qubit transition frequency by
δ = ±(ωr − ωg), where +(-) corresponds to the blue
(red) sideband. However, the detuned microwave field
will cause an ac Zeeman shift that shifts the qubit
transition frequency. This shifts the detuning required
for the sideband transition closer to resonance, with
δ = ±(ωr − ωg) + ∆ac, where
∆ac = δ ∓
√
δ2 + 4Ω2µ. (S18)
Solving for δ, we obtain
δ = ±
√
(ωr − ωg)2 − 4Ω2µ. (S19)
Thus we require 2Ωµ < |ωr − ωg|. This limits Ωsb to
be less than or equal to Ωg when using an oscillating
gradient.
Magnetic field simulation and measurement
The current at ωg in the trap electrodes is estimated
using two different methods. In one, we measure the
magnetic field generated by each electrode using the ion,
and then infer the current using a finite element simu-
lation of the trap. In the other, we use the same drive
electronics but replace the trap with a small sense resis-
tor, allowing a direct measurement of the current. The
methods agree at the ∼ 10 % level.
9Electric field simulation and measurement
We measure the electric field at ωg using a technique
described in Ref. [36], where it was used to compensate
for excess micromotion. If the ion experiences an oscil-
lating electric field at ωg, a microwave magnetic field gra-
dient will cause spin-flip transitions when detuned from
the qubit frequency by ±ωg. The Rabi frequency of these
spin flips is proportional to the amplitude of the electric
field at the ion. We note that an oscillating magnetic field
Bg at ωg can also give rise to spin flips when a microwave
magnetic field with detuning ωg from the qubit frequency
is applied, as described in Eq. (S15) with m = 1. To iso-
late the contribution to the Rabi frequency due to electric
fields at ωg, we perform the measurement using the hy-
perfine transition (|F = 3,mF = 1〉 ↔ |F = 2,mF = 1〉)
which is first-order insensitive to magnetic field fluctu-
ations at our applied magnetic field of | ~B0| = 21.3 mT.
This means Ωz ≈ 0 even if there is an oscillating mag-
netic field Bg at ωg at the ion, and as a result the effect
in Eq. (S15) will not cause spin flips. The Rabi frequency
of the spin-flip transitions due to the electric field is
Ωspin-flip =
2ΩµsbΩeωr
(ω2r − ω2g)
, (S20)
where Ωe = qEr0/2~ and Ωµsb is the Rabi frequency of
the sideband from the oscillating gradient close to the
qubit frequency. The amplitude of the oscillating elec-
tric field at the ion is E and q is the elementary charge.
We estimate the electric field to be ≈ 10 V/m when the
magnetic field is nulled at the ion.
